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CONJUGATE COMPLEX HOMOGENEOUS SPACES 
WITH NON-ISOMORPHIC FUNDAMENTAL GROUPS 

MIKHAIL BOROVOI AND YVES CORNULIER 


Abstract. Let X = G/T be the quotient of a connected reductive algebraic C- 
group G by a finite subgroup L. We describe the topological fundamental group of 
the homogeneous space X, which is nonabelian when L is nonabelian. Eurther, we 
construct an example of a homogeneous space X and an automorphism tr of C such 
that the topological fundamental groups of X and of the conjugate variety aX are not 
isomorphic. 

Resume. Espaces homogenes complexes conjugues avec groupes fondamentaux non 
isomorphes. Soit X = G/T le quotient d’un C-groupe algebrique reductif connexe G 
par un sous-groupe fini L. On decrit le groupe fondamental topologique de I’espace 
homogene X, qui est non abelien quand L est non abelien. Puis on construit un exemple 
d’espace homogene X et d’automorphisme (T de C tels que les groupes fondamentaux 
topologiques de X et de la variete conjuguee oX ne sont pas isomorphes. 


Abridged French version 

Soit X une variete algebrique pointee definie sur le corps C des nombres complexes, 
supposee irreductible et quasi-projective. L’espace topologique pointe X{C) est alors 
connexe; on designe par 7ii{X) := 7rJ°^(X(C)) son groupe fondamental, appele groupe 
fondamental topologique de X. Soit a un automorphisme du corps C (pas forcement 
continu). En appliquant a aux coefficients des polynomes definissant X, on obtient 
une variete aX sur C, dite variete conjuguee. Les completes profinis des groupes 
7i\ {X ) ef Til (cjX) sonf canoniquemenf isomorphes (comme groupes fopologiques), car ils 
s’idenfifienf nafurellemenf au groupe fondamenfal efale de X. En revanche, les groupes 
7ri(X) el 7ri(aX) ne son! pas loujours isomorphes, par un resullal de Serre ISel . Ees 
exemples de Serre comprennenl des surfaces projecfives lisses. D’aulres exemples onl 
ele oblenus plus recemmenf : des varieles de Shimura dans HMSl iRl . ef des surfaces 
projecfives dans liBCGl iGJl pour des choix Ires generaux de 1’automorphisme a (dans 
HGJI pour foul a donl la resfricfion a Q differe de I’idenfife el de la conjugaison 
complexe). 

Dans cefle nofe, nous donnons un exemple des espaces homogenes conjugues avec 
groupes fondamenfaux fopologiques non isomorphes. Ee plan de la note esl le suivanf. 
Nous considerons, dans le ^ les groupes fondamenfaux de cerlains espaces homogenes 
fopologiques de la forme G/Y, oil G esl un groupe de Eie reel connexe el E C G esl un 
sous-groupe discrel. Nous en deduisons, dans le 0 une formule explicile pour decrire 
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le groupe fondamental 7 ri(G/r) dans le cas ou G est un groupe algebrique lineaire 
connexe defini sur C, et F est un sous-groupe fini de G. En utilisant cette formule, nous 
construisons dans le ^un exemple d’espace homogene affine X = G/F defini sur C ef 
un aufomorphisme a de C fels que les groupes fondamenfaux fopologiques ni{GX) ef 
7ii{X) ne sonf pas isomorphes. Precisemenf, on choisif G = SL(n,C) x C* avec n>5, 
ef F un sous-groupe non abelien fini d’ordre 55. L’inclusion de F dans G esf donnee par 
un plongemenf arbifraire de F dans SL(n,C) el par un homomorphisme non Irivial de 
F dans C*. Noire formule permel de verifier que 7ii{X) el isomorphe a (Z/llZ) X 4 Z, 
ou la nolalion signifie que le generaleur 1 de Z agil sur Z/1IZ par mulliplicafion par 4, 
fandis que pour a envoyanl = exp27r//5 sur le groupe fondamenlal 71i{gX) de la 
variele conjuguee esf isomorphe a(Z/llZ)x 9 Z. Un argumenl simple permel de verifier 
que ces deux groupes ne son! pas isomorphes. 

1. Introduction 

Lei X be a pointed algebraic variely defined over C. We assume lhaf X is irreducible 
and quasi-projecfive. The poinled topological space X(C) is fhen connecfed, and we 
denote by Ki{X) fhe topological fundamenlal group ofX(C), i.e., 7ii{X) := 7 rj°^(X(C)). 
Lei a be a field automorphism of C, nol necessarily continuous. On applying a lo 
fhe coefficienls of fhe polynomials defining X, we oblain a conjugate algebraic variely 
gX over C. Though fhe profinife completions of 7li{X) and 71i{gX) are isomorphic, 
fhe groups 7ii{X) and 71i{gX) fhemselves are nol necessarily isomorphic. Serre ifSel 
oblained fhe firsl examples of conjugate varieties X and gX wifh ni{GX) 9 ^ 7 ri(X). 
Serre’s examples include smoofh projective surfaces. More examples were oblained 
recenlly: Shimura varieties in MMSl and |Rj, and smoofh projeclive surfaces in MBCGl 
and IGJI for a very general choice of a (in IlGJll for any a whose restriction to Q differs 
from the identity and the complex conjugation). 

In this note we give an example of conjugate homogeneous spaces with non¬ 
isomorphic topological fundamental groups. The outline of the note is as follows. In 
Section [2] we consider topological homogenous spaces of the form G/F, where G is a 
connected real Lie group and F C G is a discrete subgroup. In Section [3] we write an 
explicit formula for 7 ri(G/F) when G is a complex linear algebraic group and F C G is 
a finite subgroup. In Section fusing this formula we construct an example of an affine 
homogeneous space X = G/T over C and an automorphism a of C such lhaf Z\{gX) 
is nol isomorphic to 7l\{X). In our example G = SL(n,C) x C* wifh n > 5, and F is a 
nonabelian finite subgroup of order 55. 

2. The quotient of a Lie group by a discrete subgroup 


Lei 

1 ^5—Ug^aT^ 1 

be a shorl exacl sequence of connecfed real Lie groups. Lef F C G be a discrefe subgroup 
such lhaf fhe projection A = t(F) C T is discrefe. Our goal is to describe tti (G/F), where 
G/F is viewed as a pointed manifold wifh base poinf fhe image of 1. 

Sel F 5 = F n S. The homomorphism T: G —> T induces a fibralion G/F T/A wifh 
fiber S/F 5 , which gives rise lo an exacl sequence in homofopy groups 

7ri(S/F5) ^ 7ri(G/F) ^ 7ri(r/A) ^ 1. 

The fibralion G —>• G/F wifh fiber F gives rise lo an exacl sequence in homofopy groups 

1 ^ 7ri(G) ^ 7ri(G/F) -^F^ 1, 
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where / is a homomorphism by Lemma | 2 ] 2 ] below. Considering the above fibrations 
and also the fibrations S S/Fs, T ^ T/A and G ^ T, we obtain the following 
commutative diagram of groups and homomorphisms with exact rows and columns: 


1 

1 

7ri(S/r5) 

1'* 

--Ts 

1 

— 7ri(G) — 

1 

X 

— ?ri(G/r)- 
1'* 

1 

1 

1 

— 7ri(F/A)- 
1 

J^A 


1 

1 

1 

1 

1 


From this diagram we obtain homomorphisms 

X : TTi {S) %\ {SjVs) %\ (G/r) and 0 : (G/F) ^ %i (F/A) x F, 

A 

where the fiber product 7 i\ {T /A) Xa F is the group of pairs {x, y) G TTi (F/A) x F such 
that /^(x) = t(7 ). The homomorphism (j) takes y G 7ri(G/r) to the pair (T*(y),/(y)) G 
Ki{T/A) XaF. 

Theorem 2.1. With the above notation, the sequence 

7ri(S) 7ri(G/r) 7ri(F/A) xF^ 1 

A 

is exact. In particular, if S is simply connected, then (j) is an isomorphism. 

Proof. We prove the theorem by diagram chasing. Clearly 0 o;^ = 1. We show that 
ker<p Cim;^. Lety Gker 0 C 7ri(G/r), then/(y) = 1 andT*(y) = 1 . Then y comes from 
some element z G TTi (G), whose image in Tii (F) is 1 . Hence z comes from some element 
M G TTi {S). We see that y = as required. 

We show that 0 is surjective. Let (x, y) G TTi (F/A) x a F, i.e., x G TTi (F/A), 7 G F, and 
frix) = 1(7). We can lift x to some element y G TTi(G/F), then 'c{f{y)) = 1(7). Set z = 
/(y)7^', then t(z) = L hence z comes from some element of r5 and from some element 
u of 7ri(5'/r5). Sety' = L(M)“'y G 7ri(G/r), then f{y') = 7 and ^^(y') = T*(y) =x. We 
see that (x, y) = ^{y'), as required. □ 

The following lemma, which we used above, is well-known. 

Lemma 2.2. Let G be a connected Lie group, T <ZG be a (closed) Lie subgroup, not 
necessarily connected. Then the connecting map /: 7 ri(G/r) —> 7 ro(r) in the exact 
sequence 

7 ri(r) 7 ri(G) 7 ri(G/r) —^ 7 ro(r) 1 

is a homomorphism. 

Proof. Denote by A : F ^ ?ro(r) the canonical epimorphism. Consider two based loops 
di: [ 0 , 1 ] —>• G/F in G/F (/ = 1 , 2 ). Let 6,-: [ 0 , 1 ] —^ G be a path lifting the loop 6, to G 
with 0 ,( 0 ) = 1 , and set 7 = 6 ,( 1 ) G F. By definition /([6,]) = ^(7) G 7 ro(r)> where [6,] 
denotes the class of the based loop 6, in 7ri(G/r). Then 7162 is a path in G from 71 to 
7 i 72 mapping in G/F to the loop 62, hence the concatenation of 61 and 7162 is a path in 
G from 1 to 7172 mapping in G/F to the loop obtained by concatenation of 61 and 62. 
Thus/([6i] • [62]) = A(7172) = A(71) A(72) =/([6i])/([62]), as required. □ 
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3. The quotient of a complex algebraic group by a finite subgroup 

Let G be a connected linear algebraic group over C. Let L C G be a finite subgroup. 
Set X = G/r. We wish to compute the topological fundamental group TTi (X). 

Let U denote the unipotent radical of G, then G' .= G/U is reductive. The 
canonical epimorphism p : G ^G' induces a fibration G/T ^ G'/V with fiber U, where 
r' = p(r), and hence, fhe induced homomorphism p*: 7ri(G/r) ^ 7ri(G'/r') is an 
isomorphism. Therefore, we may and shall assume fhaf G is reducfive. Replacing fhe 
reducfive group G by a finile cover and T by ifs inverse image, we may and shall assume 
fhaf fhe semisimple group S := [G, G] is simply connected. Lef A denofe fhe image of T 
in fhe algebraic forus T :=G/S, fhen T /A is also an algebraic forus, hence 7 li {T /A) is a 
free abelian group isomorphic fo The nexf corollary, which follows immediately 

from Theorem l 2. 11 describes 7 ii (G/T) in terms of T and fhe free abelian group ni {T /A). 

Corollary 3 . 1 . Let G be a connected reductive algebraic group over C such that the 
commutator subgroup S of G is simply connected. Set T = G/S. Let T gG be a finite 
subgroup, and let A denote the image ofF in T. Then there is a canonical isomorphism 

7ri(G/r) ^7ri(r/A) xT, 

A 

where Ti\ [T /A) Xa F is the fiber product with respect to the epimorphism Tii {T /A) ^ A 
of Lemma \ 2 . 2 \ and the canonical epimorphism T —> A. 

4. Example 

Lef A = Z/mZ, the additive group of residues modulo m. Let B C (Z/mZ)* be a cyclic 
subgroup of some order r in the multiplicative group of invertible residues modulo m. 
The group B acts naturally on A by multiplication: an element b € B C {Z/niZ)* acts by 
a I—?■ ba. Set 

H=AyiB 

(the semidirect product). We regard B as a subgroup of H. Consider an embedding 
(p : B ^ C*, then (p{B) = Pr C C*, the group of r-th roots of unity. 

Choose an embedding a.H^ SL(n,C) for some natural number n. Set 

G = SL(n,C) xCL 

For {a,b) G A x B = // set 

W{a,b) = {a{a,b),(p{b)) € SL(n,C) x C*. 

We obtain an embedding \j/ = Ya.cp ■ H ^ G. Set T = X = Xa,(p = G/T. Then 

X is an affine algebraic variefy over C. 

Lef b ^B. Wrife A X/,Z for fhe semidirecf producf of A and Z, where fhe generafor 1 
of Z acfs on A by mulfiplicafion by b. Sef = exp 27 r//r G p^. 

Proposition 4 . 1 . 7 ii{Xa,(p) — {Z/mZ) x,p-i(Q Z. 

Proof. Sef S = SL(m,C), T = C*. Lef t: G = S xT T denote the projection, then 
'c{\j/{a,b)) = (p(b) for {a,b) £ A x B = H. Set A = T(r) = T(ip(//)) C T, then A = 
(piB) = p, c C* = r. 

Consider the following universal covering of T = C*: 

e : C^C* = T, z i-a exp 27 r/z for z G C, 
it induces a universal covering of T/A: 


C ^ C* ^ C*/pr = T/A ~ C*. 
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We identify tii{T /A) with = -^Z C C, then the homomorphism tii{T /A) —> 

A = /ir of Lemma |23] is the restriction of e to ^Z, hence it takes the generator € -^Z = 
TI\{T /a) to the element £(-i) = & jXr- 

Since S = SL(n,C) is simply connected, by Corollary 13. II we have 

(G/r) = Til (r/A) X r ~ iz X //, 

A llr 

where the homomorphism jZ Hr takes to and the homomorphism H ^ Hr takes 
{a,b) € H to T{Y{a,b)) = (p{b). Since jZ is a free abelian group, the group extension 

1 ^ {0} X A ^ -iZ X ^ -iZ ^ 1 

Mr 

splits, hence 7ti(Xa,(p} ~ A x jZ. The action of jZ on A in this semidirect product 
decomposition is the canonical action of the quotient group -^Z of 7 ZX on the 
normal abelian subgroup A. Since the element € -^Z has image ^ in Hr, which lifts to 
^ B C see that j, £ jZ lifts to £ jZx^^.B C jZx^^.H, hence 

j acts as (p^^{Q on A. Identifying jZ with Z via x rx for x £ jZ, we obtain the 
assertion of the proposition. □ 

Now let us take m = 11, then A = Z/llZ. We take B = (Z/llZ)*^, the group of 
nonzero quadratic residues modulo 11. The group B is a cyclic group of order 5, namely, 
B = {I,4,9,5,3}. Then// = A X B is a finite nonabelian group of order 55. Let n>5, 
then there exists an embedding a : H SL(n,C) . For b £ B, b ^ I, let tph denote the 
embedding B ^ C* taking the generator ft of B to then = ft. We write Xa,b 

for Xa,(p,,- Let a be any field automorphism of C taking ^ to Consider the conjugate 
variety aXa,b- 

Theorem 4.2. ForA = Z/llZ, B = (Z/llZ)*^, a G Aut(C) taking to the groups 
^i{XaA) ^i{<^Xoca) '^re not isomorphic. 

Proof. We have (J{Q = The homomorphism a o (p: B —)> C* takes 4 to (j{Q = 
hence it takes 4^ = 9 to Thus a o tp^ = (fk). 

For our group G defined over Q and for X = G/F, we have aX = G/a(r), where a 
acfs on SL(n, C) and on C* via fhe acfion on C. For an embedding (p: B C* we have 

^X(^ (p = G/(cT o \Ha,(p){H) — G/tP(yoa,(jo(p(//) = Afjoa.cocp ■ 

We obfain fhaf 

(^X(x,4 = = X(yoa,ao(p4 = X(yoa,(pg — X(yoa,9- 

By ProDosifion l4.1l we have 

7ri(X«,^,)~(Z/llZ)xfeZ, 

hence 

7 ri(Xa, 4 ) ~ (Z/llZ) X 4 Z and 7 ri(aAa, 4 ) = 7 ri(XCToa, 9 ) - (Z/llZ) xgZ. 

Now fhe fheorem follows from fhe nexf Lemma 1431 □ 

Lemma 4.3. (Z/llZ) X 4 Z 9 ^ (Z/llZ) X 9 Z. 

We firsf need fhe following group-fheorefic facl. 

Lemma 4.4. Let A be any group without nonzero homomorphisms into Z. When K is 
an automorphism of A, we write A x^Zfor the semidirect product of A and Z, where 
the generator t = I of Z acts on A by K. Fix two automorphisms fCi, K '2 £ Auf(A), and 
denote by K/ the image of fc,' in the group of outer automorphisms Ouf(A). If Ki is 
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conjugate to neither K 2 nor K 2 ' in Out(A), then the semidirect products Gi = A Z 
and G 2 = A X Z are not isomorphic. 

Proof. By contraposition, let A: G\ G 2 be an isomorphism. Since for each of 
1 = 1,2, the subgroup A is equal to the kernel of some/any nonzero homomorphism 
Gi ^ 7 j, we have A (A) = A. Let fc G Aut(A) denote the restriction of A to A. For the 
generator t G Z C Gi, write A(t) as af G G 2 with a G A and e G Z. Since t generates 
G\/A, we see that A(t) generates G 2 /A and hence e = ±1. Then for all a' G A, writing 
YaW) = aa'a^^ we have 

K:(fCi(a')) = X{ta't^^) = afK{a')t~‘^a^^ = 7a(K:|(fc(a'))), 

whence fCi = K^^YaK^K. Hence Ki = k. Thus Ki and K 2 conjugate in 

Out(A). □ 

Proof of Lemma 14.31 We use Lemma |4A] when A = Z/llZ, in which case Aut(A) = 
Out(A), is abelian and can be identified with (Z/llZ)*. Hence the assumption of 
Lemma l4~4l in this case is just that Ki and are distinct as elements of (Z/llZ)*. 
Here fCi = 4 and K 2 = 9. Since modulo 11 we have 9 7 ^ 4 and 9^^ = 5 7 ^ 4, Lemma l4^ 
applies and we see that (Z/llZ) X4Z 9 ^ (Z/llZ) XgZ. This completes the proofs of 
Lemma 1431 and Theorem 14.21 □ 
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